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Linear-Quadratic Worst-Case Control

Matthew K. Juge¤ and Arthur E. Bryson Jr.†

Stanford University, Stanford, California 94305

This paper gives an applied view of linear-quadratic worst-case control and relates it to linear-quadratic-
Gaussian smoothing. It extends the worst-case control problem formulation to include tracking of desired output
histories and nonzero terminal constraints and separates the problem into future, past, and present problems, each
of which must satisfy a conjugate-point condition. It includes a � nite time horizon example, namely, a helicopter
hover-position change in which the disturbance is horizontal wind velocity. Linear-quadratic best-case controllers
can be obtained by using positive instead of negative weights in the quadratic performance index.

Nomenclature
A = system matrix
Bu ; Bw = input injection matrices
C f ; Cc; Cs = state output matrices
J = quadratic performance index
P.t/ = state covariance matrix
OP.t/ = smoothed covariance
Q0; Q f ; Qc; Qs = error penalties
Ru.t/; Rw.t/ = input penalty matrices
S.t/ = information matrix
u.t/; w.t/ = control, disturbance input
v0; v f ; vc; vs = disturbance/error terms
x.t/ = system state
Ox.t/ = pessimistic smoothed state estimate
x.t0/ = perturbed initial condition
xF .t/ = state feedforward
x0 = nominal initial condition
yc.t/ = reference output for tracking
y f = desired terminal output
ys.t/ = sensor output
¸B.t/ = adjoint

Introduction

D IFFERENTIAL games (minimax problems) in the calculus of
variations were � rst treated by Isaacs.1 In that same year, Ho

et al.2 considered the special case of linear-quadratic (LQ) differ-
ential games, and a chapter on differential games was included in
Ref. 3. The viewpoint of regarding the Kalman � lter as the forward
sweep of a deterministicweighted-least-squares-� t smoothingprob-
lem was proposed by Bryson and Frazier.4 Fraser and Potter5 gave
a forward and backward � lter algorithm for such smoothing prob-
lems, herein adapted to the linear-quadraticworst-casecontrolleror
LQW problem.

Jacobson6 showed that disturbances could either help or hinder
the controls and made the connection to differential games for the
lattercase with perfect state information,usinga linear-exponential-
of-quadratic-Gaussian performance index. Speyer et al.7 extended
Ref. 6 to the case with only sensor information. Markov and Reid8

found a time-varying minimax aircraft controller for worst wind
histories, and Chu9 solved the time-invariant version of the same
problem. A different, frequency-domain approach originated with
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Zames10 as the H1 control design problem.Petersen11 showed that,
with perfect state information, this problem could be solved with a
single algebraic Riccati equation. Doyle et al.12 showed that, with
only sensor information, the problem could be reduced to solving
two algebraic Riccati equations. Rhee and Speyer13 considered the
� nite time horizonLQ differentialgameand relatedit to the H1 con-
trol design problem. Başar and Bernhard14 provided a comprehen-
sive treatment of the LQ differential game problem in both discrete
and continuous time under a number of information structures.

Whittle15 formulated his risk-sensitive certainty-equivalence
principle (RSCEP) and expanded on it in his text on risk-sensitive
optimal control.16 His stochastic, exponential-of-quadratic perfor-
mance index differs from the deterministic LQW performance in-
dex. However, Whittle, Speyer, and others have established that
both formulations yield identical controllers. Whittle’s risk-averse
and risk-seeking controllers are precisely worst-case and best-case
controllers.

This paper gives a derivation of the � nite time horizon LQW
controller, which is similar to Whittle’s derivation16 of the RSCEP.
However, it uses the LQW quadratic performance index (QPI) and
the smoothing concept of Bryson and Frazier.4 The derivation ex-
tends the controller of Rhee and Speyer13 to include tracking of
desired outputs and to handle nonzero terminal constraints. LQW
controller synthesis can be done using standard linear-quadratic-
Gaussian (LQG) computational algorithms, with the simple modi-
� cation of allowing inde� nite weighting matrices in the quadratic
performance indices and combining forward and backward sweeps.

The choice of the weightingmatrices in the QPIs requires knowl-
edge of the system to be controlledand engineeringjudgment about
the objectives of the controller design. The authors believe there is
stillmuch to be learnedabouthow to do this beforeLQW is accepted
as an engineeringdesign tool.To this end, this paper attempts to pro-
vide an intuitive link between the aforementionedH1 literatureand
the existing body of LQG (H2 ) knowledge.

The derivation consists of three parts.
1) The � rst part is a future problem of � nding control and dis-

turbance feedback strategies with an arbitrary initial state at the
current time t D t1 . This is a differential game because the distur-
bances maximize the output errors that the controls are minimizing.
The controlsand the disturbancesare boundedby integral-quadratic
penalties. The controller is limited to sensor information.

2) The second part is a past problem of estimating the initial
conditions and the past disturbance histories using the past sensor
measurements with the � nal state at t D t1 open. The past control
history is known and � xed. The smoothing performance index as-
sumes that the disturbancew.t/ tries to maximize the tracking error
and is bounded by an integral-quadraticpenalty.

3) The third part is a present problem of joining the future and
past solutions at the current time t D t1 . The future-in�uenced
current state estimate is determined by a simple optimizationof the
difference of two quadratic forms involving the current state.

Riccati equations with inde� nite weighting matrices may tend
to in� nity in a � nite time; a point at which this occurs is called a
conjugate point in the classical calculus of variations. Conjugate

761



762 JUGE AND BRYSON

points may appear in the solutions to problems 1, 2, or 3 if the
negative weights in the QPI are chosen too small relative to the
positive weights. These weights are too small if the increase in cost
due to a disturbance can ever exceed the penalty cost imposed on
that disturbance, in which case the disturbance increases without
bound and yields in� nite cost. Limebeer et al.17 relate this aspect of
conjugate point behavior to the H1 limit ° 2 . The requirement that
no conjugate points occur along the solution path is equivalent to
the conditions for a differential game saddle-pointsolution to exist,
as described by Juge.18

The resultsare specializedto the in� nite time horizonproblemfor
time-invariantsystems. We brie� y discuss best-caseor risk-seeking
controllers. Position control of an OH-6A helicopter demonstrates
implementation of the controllers described herein.

Worst-Case LQ Controller
The worst-caseLQ controllerproblemmaybeposedas � ndingthe

control vector u.t/ to minimize and the disturbances to dynamics,
measurements,and initial conditionsw.t/; vs.t/; x.t0/ to maximize

J D 1

2
vT

f Q f v f ¡ vT
0 Q0v0

C
t f

t0

vT
c Qcvc ¡ vT

s Qsvs C uT Ruu ¡ wT Rww dt (1)

subject to

Px D Ax C Buu C Bw w (2)

where

v f D C f x.t f / ¡ y f (3)

v0 D x.t0/ ¡ x0 (4)

vc.t/ D Cc x.t/ ¡ yc.t/ (5)

vs.t/ D Cs x.t/ ¡ ys .t/ (6)

The desired terminal conditionsy f , the nominal initial conditions
x0, and the desired tracking output yc.t/ are speci� ed. At any given
time t1, the sensor data ys.t/ and control history u.t/ are known and
� xed in the past; ys.t/ in the future is not yet known to the controller.

The four terms given by Eqs. (3–6) and appearingquadraticallyin
Eq. (1) are the terminal errorv f , the perturbationto initial conditions
v0 introduced by the disturbance’s choice of x.t0/ away from the
nominal value x0 , the tracking error vc.t/, and the sensor noise
vs .t/.

The controlu.t/ and the disturbancesw.t/ and vs.t/ are restricted
to the class of square-integrablefunctions,whereas the perturbation
to initial conditionsv0 is restricted to be � nitely bounded. The con-
trol is furtherrestrictedto be causal,i.e., independentof futurevalues
of vs.t/.

Separation into Future and Past Problems
Because u.t/ is � xed in the past and the future sensor error vs.t/

cannot in� uence a causal controller, Eq. (1) can be written, except
for constant terms, as the differencebetween a future QPI and a past
QPI:

J D JFuture ¡ JPast (7)

where

JFuture D
1

2
vT

f Q f v f C
t f

t1

vT
c Qcvc C uT Ruu ¡ wT Rww dt

(8)

JPast D 1

2
vT

0 Q0v0 C
t1

t0

vT
s Qsvs ¡ vT

c Qcvc C wT Rw w dt

(9)

and t1 D the present time. The control u does not appear in the past
cost, as it is a now-determined, present quantity; in a symmetric
fashion, the sensor noise vs does not appear in the future cost, as it
cannot affect a causal controller in the present. The future problem
is a generalizedLQ terminal controlproblemwith an arbitraryx.t1/.
The past problem is a generalized LQ � ltering problem, also with
x.t1/ open. These problems are exact duals of each other. Each
problemmay be solved independently;the resultsare then combined
by sweeping the initial conditions forward for the past problem and
the � nal conditionsbackwardfor the futureproblemandmaximizing
to � nd the worst-case current state x.t1/.

Future Problem
The futureproblemis to � nd thecontrolvectorhistoryu.t/ to min-

imize and the disturbance vector history w.t/ to maximize Eq. (8)
subject to Eq. (2) for arbitrary x.t1/. This problem can be reduced
in appearance to a standard LQ terminal control problem by aug-
menting the control vector to include the disturbance vector as an
unfriendlycontrolwhose weightingmatrix is negativede� nite, i. e.,
� nd Nu.t/ to determine an extremum of

JFuture D
1

2
vT

f Q f v f C
t f

t1

vT
c Qcvc C NuT NR Nu dt (10)

subject to

Px D Ax C NB Nu (11)

where

Nu
u

w
; NB [Bu Bw]; NR

Ru 0

0 ¡Rw

(12)

Although this is a minimax problem, the � rst-order necessary con-
ditions for a stationarysolutiondo not distinguishbetween minima,
maxima, and saddlepoints.The extremal solutionis the well-known
full-stateLQ terminal controller;it consistsof a feedforwardcontrol
Nu f .t/ plus a feedback control ¡ NK .t/x :

Nu¤ D Nu f .t/ ¡ NK .t/x (13)

where

Nu f D NR¡1 NBT ¸B .t/; NK D NR¡1 NBT S.t/ (14)

and

¡ PS D S A C AT S C CT
c QcCc ¡ S NB NR¡1 NBT S

(15)
S.t f / D CT

f Q f C f

¡P̧
B D [A ¡ NB NK ]T ¸B C C T

c Qc yc; ¸B .t f / D C T
f Q f y f (16)

Applying Eq. (12) to eliminate the overbarred variables from
Eqs. (13–16) yields

u¤

w¤ D
u f .t/ ¡ Ku.t/x

w f .t/ ¡ Kw.t/x
(17)

u f

w f
D

R¡1
u BT

u

¡R¡1
w BT

w

¸B .t/ (18)

Ku

Kw

D
R¡1

u BT
u

¡R¡1
w BT

w

S.t/ (19)

NB NR¡1 NBT D Bu R¡1
u BT

u ¡ Bw R¡1
w BT

w
(20)

NB NK D Bu Ku ¡ Bw Kw (21)

On pages 182 and 183 of Ref. 3, McReynolds showed how to
complete the square to prove minimality for the case where NR is
positivede� nite. This procedurealso proves the minimax or saddle-
point nature of the preceding solution for NR inde� nite as shown by
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Juge18; deviations from the extremal control and disturbance yield
an increment in cost

1JFuture D 1

2
vT

1 S.t1/v1 C
t f

t1

.u ¡ u¤/T Ru.u ¡ u¤/ dt

¡
t f

t1

.w ¡ w¤/T Rw.w ¡ w¤/ dt (22)

where

v1 x.t1/ ¡ xB .t1/; xB .t/ D S¡1.t/¸B .t/ (23)

The solution is a saddle point for S ¸ 0, because the cost will in-
crease if the controlsdo not use the optimal feedbacku¤.t/ and will
decrease if the disturbancesare not w¤.t/. In fact, a conjugate point
may occur in solving Eq. (10) if Rw is chosen too small relative
to Ru ; i.e., S.t/ may tend to in� nity in a � nite time. For a realistic
solution, the problemshouldbe iterated (Rw reduced) until the mag-
nitudes of the disturbances and controls are reasonable. The term
Q f is positive de� nite, and so S.t f / D C T

f Q f C f is at least positive
semide� nite. The term S.t/ cannot become inde� nite without � rst
becoming in� nite, which corresponds to a conjugate point.

Past Problem
This problem is a dual minimax problem between the process

and measurement disturbancesw.t/ and vs .t/ on the one hand and
the tracking error vc.t/ on the other. The term JPast does not involve
u.t/ because the past control is � xed. Positive penalties on sensor
noise vs .t/ and process disturbancesw.t/ and a negativepenalty on
tracking error vc.t/ imply that disturbances act to reduce JPast by
increasing the tracking error. [Recall the negative sign on JPast in
Eq. (7); the disturbancehere seeks to minimize this negated cost to
maximize overall cost.]

This problem can be reduced in appearance to a linear-quadratic
smoother problem by augmenting the measurement vector ys.t/ to
include the tracking vector yc.t/ with a negative-de�nite weighting
matrix. The term vs.t/ is determinedby the known history ys .t/ and
the state history x.t/, which, in turn, is determined from Eq. (2) by
w.t/; x.t0/, and theknown historyu.t/. Hence theproblembecomes
one of � nding w.t/ and x.t0/ to minimize:

JPast D 1

2
vT

0 Q0v0 C 1

2

t1

t0

NvT NQ Nv C wT Rww dt (24)

where

Ny
ys

yc
; NC

Cs

Cc

(25)

Nv NCx ¡ Ny; NQ
Qs 0

0 ¡Qc

This is a generalized LQG problem because the weighting matrix
NQ on the in-� ight outputs Ny.t/ is not positive de� nite. A � rst-order

extremal solution to this problem is well known; the solution is a
generalizationof the Kalman–Bucy � lter:

PxF D AxF C Buu C NL.t/. Ny ¡ NCxF /; xF .t0/ D x0 (26)

where

NL.t/ D P.t/ NC T NQ (27)

and

PP D AP C P AT C BT
w R¡1

w Bw ¡ P NC T NQ NC P; P.t0/ D Q¡1
0

(28)

This forward � lter sweeps the nominal initial conditionsto equiv-
alent conditions at t D t1; any deviation of the disturbances from
their optimal values that produces an achieved current state x.t1/
other than the worst-case state xF .t1/ results in a cost increment

1JPast D 1
2 [x.t1/ ¡ xF .t1/]

T P¡1.t1/[x.t1/ ¡ xF .t1/] (29)

The saddle-pointcondition P > 0 ensures that no conjugate points
occur in the forward sweep.

Equation (26) differs from the estimator equation typically found
in the H1 literature.12;13 The conventionalapproach is to propagate
an estimateof theworst-casevalueof theactualstate,which requires
both a bias term to re� ect the action of the estimated worst-case
disturbanceas well as a modi� cation to the precedingestimatorgain
L that accounts for future effects. The approach taken here simply
propagatesthe nominal initial conditionsforward to the presenttime
usinganunbiasedestimatorand feedingbacksensorinnovationsand
estimated tracking error. The worst-case state is estimated at the
present time by combining this nominal estimate with the backward
sweep from the future, as seen in the next section.

Combining Future and Past Problems
The optimal swept-forwardsolutionof the past problemmay now

be combined with the optimal swept-back solution of the future
problemin a manner reminiscentof the forward and backward � lter
smoother.5 Combining cost variationsfrom the future, Eq. (22), and
from the past, Eq. (29), in Eq. (7) leads to a present variation

1J D 1
2 [x.t1/ ¡ xB .t1/]T S.t1/[x.t1/ ¡ xB .t1/]

¡ 1
2
[x.t1/ ¡ xF .t1/]

T P¡1.t1/[x.t1/ ¡ xF .t1/] (30)

The term 1J is to be maximized with respect to the state x.t1/; that
is, the worst x.t1/ is found that is consistent with past sensor data
and potential future disturbances. The solution is straightforward
when 1J is written as

1J D ¡ 1
2 [x.t1/ ¡ Ox.t1/]T OP¡1.t1/[x.t1/ ¡ Ox.t1/] (31)

where

Ox.t1/ D OP.t1/ P¡1.t1/xF .t1/ ¡ S.t1/xB .t1/ (32)

OP¡1.t1/ D P¡1.t1/ ¡ S.t1/ (33)

For a minimum to occur, the future-in�uenced weighting matrix
OP.t1/ must be positive de� nite. A conjugate point may occur in the

forward integration of Eq. (28) if Qc is chosen too large relative to
Qs ; i.e., P.t/ may tend to in� nity in a � nite time. For a realistic
solution, the problem should be iterated (Qc decreased) until the
magnitudes of the disturbances and outputs are reasonable.

The saddle-point worst-case state is then Ox.t1/; any deviation of
the actual state x.t1/ from Ox.t1/ reduces the cost, counter to the
interests of a maximizing disturbance.

The term Ox.t1/ is also the worst-case future-in�uenced state esti-
mate, which results from the past actions of w.t/ and x.t0/ and the
predictedactions of w.t/ in the future. Interpreting P¡1.t1/ as a for-
ward informationmatrix and S.t1/ as a negative informationmatrix,
the future-in�uenced weighting matrix OP.t1/ is increased by the
negative informationabout the predicted future, i.e., OP.t1/ > P.t1/.
This results from the conservative (or pessimistic) assumption of
worst-case disturbancesboth in the past and in the future. The form
of this solution is a straightforward generalization of the Fraser–
Potter smoother,5 which consists of forward and backward infor-
mation � lters. Equation (31) shows the saddle-point nature of the
maximizing solution with respect to x.t1/ for OP > 0; any deviation
of x.t1/ from Ox.t1/ will decrease J .

The estimator detects deviations of the disturbances from their
worst values, allowing the controller to take advantage of any such
deviations to improve performance.Only if the disturbancesare the
worst expected and the controller uses its optimal strategy will the
actual state take on its minimax value Ox , the future-in�uenced state
estimate. Any deviations of the disturbance from optimal costs the
disturbance more than exciting the estimator error mode is worth;
this is a direct consequence of the saddle-point conditions and is
discussed at greater length in Chapter 6 of Ref. 18.

In the standardLQG problem, the w.t/ disturbanceterm does not
appear in the future QPI (8), and the vc.t/ tracking term does not
appear in the past QPI (9), so that the future and past problems are
decoupled, and

Ox.t1/ D xF .t1/; OP.t1/ D P.t1/ (34)

con� rming the well-known certainty-equivalenceprinciple.
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The � nal result is that the optimal control at t D t1 is given by

u.t1/ D u f .t1/ ¡ Ku.t1/ Ox.t1/ (35)

or

u.t1/ D R¡1
u BT

u ¸B .t1/ ¡ S.t1/[I ¡ P.t1/S.t1/]¡1

£ [xF .t1/ ¡ P.t1/¸B .t1/] (36)

The cost when both the controller and the disturber play their
optimal strategies is the value V of the differential game; after te-
dious but straightforwardmanipulation, substitution of the optimal
solutions into Eq. (1) yields

V D 1
2
xT

0 [S¡1.0/ ¡ P.0/]¡1x0 (37)

where x0 again represents the nominal initial conditions and S and
P are the solutions to the future and past Riccati equations.

In the regulatorproblem, y f D 0 and yc.t/ D 0, so that¸B .t/ D 0,
no feedforward is present, and Eq. (36) simpli� es to

u.t1/ D ¡Ku.t/[I ¡ P.t1/S.t1/]
¡1xF .t1/ (38)

Example: Helicopter Hover-Position Change
in Gusty Winds

Here controller logic is synthesized to change the position of a
hoveringhelicopterin the presenceof gustywinds,as in the example
used in Ref. 19.The controlis cyclicpitchof the rotor,and thedistur-
bance is the horizontalwind velocity, the value of which is unknown
to the controller.Two cases are considered:one with a position sen-
sor only and the other with position and pitch angle sensors.

The term Rw is adjusted to give a worst wind gust history that has
a maximum velocity of 15 ft/s, and Ru is adjusted to give a feasible
maximum cyclic stick de� ection. The term Q f is chosen so that the
� nal conditionsare reasonablyclose to equilibriumin the new hover
position. The helicoptermodel and the QPI parameters are given in
the Appendix.Motion of the controlledhelicopter is simulatedwith
the worst wind history and from the worst initial conditions.

Figure 1 shows the position, ground speed, and attitude response
of the controlledhelicopter to a position-changecommand of 10 ft,
with the worst wind gust velocity history and the worst initial con-
ditionperturbations.Figure 2 shows the cyclic controland wind dis-
turbance histories. Positive eigenvalues of S, P , OP D [P¡1 ¡ S]¡1

were checked to ensure that the solution is valid, i.e., a saddle point.
Figures 1 and 2 are the same for both one or two sensors, but

satisfaction of the OP > 0 condition requires that the weight on
sensor noise with position measurement alone has to be 100 times

Fig. 1 Helicopter hover-position change with worst wind gust and ini-
tial condition perturbations: position y, ground velocity u, and pitch
attitude µ vs time.

Fig. 2 Helicopter hover-position change with worst wind gust and ini-
tial condition perturbations: cyclic pitch control ± and wind distur-
bance w vs time.

larger than with both position and pitch angle available. In other
words, estimation with a position sensor alone requires a sensor
accuracy two orders of magnitude � ner than with both position and
pitch sensors.

Time-Invariant LQW Controller with Sensor Feedback
If the plant is time invariant(TI) and both t0 and t f becomedistant

horizons, then S.t/ and P.t/ may become constantmatrices, so that
the feedback gains Ku ; Kw; L s , and L c also become constant. This
is called a suboptimal H1 controller in the literature.The positivity
conditionson S, P , and OP needed to ensure that no conjugatepoints
arise correspond to the conditions given by Doyle12 (Theorem 3)
for an admissible suboptimal H1 controller.Conjugate points arise
as the penalty weights on disturbancesare made smaller; this corre-
sponds to the reductionof themultiplier° 2 belowthe H1 limit in the
notation employed by Doyle. If a realistic controller is desired, the
magnitudes of the negativeweights need to remain above this limit.

TI LQW controllerscan be synthesizedusing standardLQG soft-
ware, e.g., the MATLAB LQR and LQE (or DLQR and DLQE)
commands, when the following modi� cations are employed.

1) Remove thechecksonpositivede� nitenessof the inputweight-
ing matrices.

2) Postmultiply the state-feedback gain matrix (or premultiply
the estimator gains) by the ampli� cation factor [I ¡ P S]¡1.

3) Include a check for positive de� niteness of the output matrices
S; P , and OP D [P¡1 ¡ S]¡1; these checks replace the safeguards
removed in step 1.

Example: Hover-Position-Hold Autopilot
for a Helicopter

This is a TI controller version of the previous example. The in-
� ight controlledoutput is hover position, and the sensed outputs are
position and pitch angle. To test the controller, the system response
is simulated with the worst wind history and the worst perturbation
to initial conditions from a nominal initial condition. The nomi-
nal initial conditions x0 are chosen proportional to the eigenvector
corresponding to the largest eigenvalueof the closed-loopcost ma-
trix .S¡1 ¡ P/¡1 seen in Eq. (37) for the value of the differential
game; this choice of nominal initial condition yields the largest
possible excitation of the system for a unit initial condition vector.
The worst initial condition as a perturbation from nominal is then
xw.0/ D OP P¡1x0; the estimator feedforward xF is initialized to the
nominal initial state. As a consequenceof this initialization, the es-
timator accurately determines the saddle-pointworst state, and the
state estimate is perfect as long as the disturbance plays its optimal
strategy. The Appendix gives the numerical values used in the syn-
thesis and the simulation.
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Fig. 3 Response of helicopter with a constant gain LQW position-hold
autopilot to worst wind history and worst initial conditions: position y,
ground velocity u, and pitch attitude µ vs time.

Fig. 4 Response of helicopter with a constant gain LQW position-hold
autopilot to worst wind history and worst initial conditions: cyclic pitch
control ± and wind disturbance w vs time.

Figures 3 and 4 show the controlled response for the case where
initial state vector magnitude was chosen so that the initial posi-
tion error was 2 ft. The term Rw is chosen to produce a maximum
magnitude of the wind velocity approximately equal to 10 ft/s. The
resulting initial ground velocity is 1.9 ft/s. The worst wind velocity
is generally in the same direction as the ground velocity, and its
variation with time is inside the controller bandwidth.

Best-Case Controllers
Linear-quadratic best-case controllers can also be synthesized

using LQG codes with only minor modi� cations. Such controllers
involve positive weighting matrices where negative weighting ma-
trices are used in the LQW controller. Such controllers correspond
to the risk-seeking controllers described by Whittle16 because they
are based on the optimistic predictionthat the disturbanceswill help
control the system in a team effort with the actual controls. This is,
of course, not a conservativeassumptionand is not of much interest
to controldesigners.As an extreme example,wind alonecan change
the position of the helicopter from the � rst example, as shown in
Figs. 5 and 6. The wind velocity required is very large, on the order
of 50 ft/s. Nominal initial conditions are used in this simulation
instead of the best initial conditions.

Fig. 5 Extreme example of best-case control; wind variation alone
changes the position of a helicopter by 10 ft: position y, ground velocity
u, and pitch attitude µ vs time.

Fig. 6 Extreme example of best-case control: wind velocity w vs time.

Conclusions
Linear-quadraticworst-casecontrollerscan be synthesizedusing

linear-quadratic-Gaussiancodeswith onlyminormodi� cations.The
primary differences between LQG and LQW controllers are the
following.

1) Worst disturbances and worst deviations of the initial condi-
tions, both with quadratic bounds, are assumed in the synthesis of
the controller.

2) The disturbances are assumed to increase the in-� ight output
errors and to anticipate the future in such a way as to increase the
terminal output errors. This requires a backward sweep update of
the generalized Kalman � lter, here termed a future-in�uenced state
estimate. The algorithm is a generalization of an LQG smoothing
algorithm.

3) Conjugatepointsmay arise in the solutionof the pair of mixed-
de� nite Riccati equationscorrespondingto the future and past prob-
lems or in the combination of the Riccati solutions in the present
problem. Such conjugate points indicate that disturbancesexist that
can yield in� nite cost; a tighter quadratic bound (higher penalty)
must be placed on the disturbancesfor a � nite saddle-pointsolution
to exist.

Linear-quadratic best-case controllers can also be synthesized
using LQG designsoftware.Such controllersuse positiveweighting
matrices on the disturbance and thus re� ect an optimistic best-case
solution.
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Appendix: Data for Helicopter Hover Examples
The states (in order) are u D horizontal velocity, q D pitch rate,

µ D pitch angle, and y D horizontal distance from a reference
point. The units are feet, seconds, and centi-radians(0.01 rad). The
control is longitudinal cyclic stick in deci-inches (0.1 in.), and the
disturbanceis w D horizontalwind velocity.The continuoussystem
matrices are

A D

¡0:0257 0:013 ¡0:322 0

1:26 ¡1:765 0 0

0 1 0 0

1 0 0 0

Bu D

0:086

¡7:41

0

0

; Bw D

0:0257

¡1:26

0

0

The sensed outputs were position and pitch angle

Cs D
0 0 0 1

0 0 1 0

For the � nite time cases (Figs. 1–6), the terminal output constaints
are y f D [0 0 0 0]T where C f D I4; Q f D 0:1I4, and there are no
in-� ight outputs,so that Cc D [0 0 0 0], and Qc D 0. The nominal
initial state and weighting matrix for perturbationsare

x0 D [0 0 0 ¡ 10]T ; Q0 D I4

The � nal time is t f D 4 s. The examples are calculated using
discrete algorithms with N D 80 steps. The discrete weighting
matrices are

Ru D .1=202/=N ; Rw D .1=422/=N

where the critical value of Rw D .1=602/=N , where a conjugate
point � rst appears in the computation of S. The discrete weighting
matrix for the sensed measurements is

Qs D
1=0:12 0

0 1=0:12
N

For the case with only position sensed,

Cs D [0 0 0 1]; Qs D .1=0:0012/=N

The time-invariant case is calculated using the continuous codes
LQE and LQR in MATLAB. The in-� ight controlled output is po-
sition

Cc D [0 0 0 1]; Qc D 1

with weighting matrices

Ru D 1=42; Rw D 1=62

The magnitude of the worst initial state vector is chosen to be 4.91
to give an initial position error of ¡2 ft.
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14Başar, T., and Bernhard, P., H1-Optimal Control and Related Minimax
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